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Abstrat
We study gravitational perturbations of the Kerr-AdS5 × S
5
spaetime with equal
angular momenta. In this spaetime, we found the two kinds of lassial instabili-
ties, superradiant and Gregory-Laamme instabilities. The superradiant instability is
aused by the wave ampliation via superradiane, and by wave reetion due to the
potential barrier of the AdS spaetime. The Gregory-Laamme instability appears in
Kaluza-Klein modes of the internal spae S5 and breaks the symmetry SO(6). Taken
into aount these instabilities, the phase struture of Kerr-AdS5 × S
5
spaetime is
revealed. The impliation for the AdS/CFT orrespondene is also disussed.
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1 Introdution and Summary
Reently, AdS blak holes in S5 ompatied type IIB supergravity have attrated muh
interest beause they desribe strongly oupled N = 4 thermal super Yang-Mills theory
via AdS/CFT orrespondene [14℄. Espeially, phase transitions of dual gauge theory are
identied with instabilities of AdS blak holes and understanding of stability of AdS blak
holes is important to reveal the strongly oupled gauge theory.
The stability of Shwarzshild-AdS blak holes has been shown in [59℄. However, in the
ase of Kerr-AdS blak holes, we an expet an instability alled superradiant instability.
The perturbation of Kerr-AdS blak holes an be amplied by superradiane at the horizon.
On the other hand, at the innity, the amplied perturbation will be reeted by the
potential barrier of the AdS spaetime. This will be amplied at the horizon again. By
repetition of this mehanism, the initial perturbation an grow exponentially and Kerr-
AdS blak holes beome unstable. The superradiant instability is physially reasonable,
but, pratially, it is diult to nd the instability by gravitational perturbation beause
of the diulty of separation of perturbation equations. Nevertheless, in some speial
ases, there are several works on the stability of Kerr-AdS blak holes. In the ase of 4-
dimensional Kerr-AdS spaetime, the superradiant instability has been found [10, 11℄. In
D = 7, 9, 11, · · · , the same instability of Kerr-AdS blak holes with equal angular momenta
has been shown to exist [13℄. In the ase of (D ≥ 7)-dimensional Kerr-AdS blak hole
with one rotating axis, it has been shown that the superradiant instability appears in the
tensor type perturbation [14, 15℄. However, there is no work for the stability analysis of
ve-dimensional Kerr-AdS blak holes (exept for a massless Kerr-AdS blak holes [16℄ or a
salar eld perturbation [17℄). To get relevant results for the AdS5/CFT4 orrespondene,
we need to study the instability of ve-dimensional Kerr-AdS blak holes. It is diult
to study the stability of the general Kerr-AdS5 spaetime. However, for equal angular
momenta ase, spaetime symmetry of Kerr-AdS5 blak hole is enhaned and the separation
of gravitational perturbation equations an be possible [1821℄. One of our purposes is to
nd the superradiant instability of ve-dimensional Kerr-AdS blak holes with equal angular
momenta.
The superradiant instability is aused by property of rotating AdS blak holes and in-
formation of the internal spae S5 is not so important for superradiant instability. However,
if the internal spae S5 is taken into aount, we an nd another type of instability, alled
Gregory-Laamme instability. Originally, the Gregory-Laamme instability has been found
in the blak brane solution [2224℄, but, in the Shwarzshild-AdS5×S5 spaetime, the sit-
uation an be similar to the blak brane system. If the horizon radius is muh smaller
than radius of S5, the internal spae may be onsidered as R5. Then, we an onsider
Sh-AdS5 × S5 spaetime as a blak brane and the Gregory-Laamme instability may ap-
pear in Kaluza-Klein modes. The Gregory-Laamme instability of Shwarzshild-AdS5×S5
spaetime has been already found in [25℄. In this paper, extending their work, we study
the Gregory-Laamme instability of Kerr-AdS5 × S
5
spaetime.
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Figure 1: This is the Phase diagram of a small Kerr-AdS5 × S5 blak hole. The values ΩH
and T are angular veloity and temperature of Kerr-AdS5 blak holes. These are normalized
by the urvature sale of the AdS spaetime, L. In the Stable region, Kerr-AdS blak holes
are stable. In the SR and GL region, blak holes are unstable against superradiant and
Gregory-Laamme instability, respetively. In SR&GL region, blak holes are unstable
against both of them. In No Blak Holes region, there is no blak hole solution.
We will take into aount Gregory-Laamme and superradiant instabilities and reveal
the phase struture of Kerr-AdS5 × S5 spaetime. There are two kinds of instabilities in
the Kerr-AdS5 × S5 spaetime. Thus, we an expet that this spaetime has rih phase
struture and it will be useful to nd the evidene of the AdS/CFT orrespondene.
The organization and summary of this paper is as follows. In setion 2, we introdue
Kerr-AdS5 × S5 spaetimes with equal angular momenta. Espeially, the spaetime sym-
metry is studied. We shall see that the symmetry is Rt×SU(2)×U(1)×SO(6) in the ase
of equal angular momenta. In setion 3, we study the gravitational perturbation of Kerr-
AdS5 spaetime negleting the Kaluza-Klein modes of the internal spae S
5
. We an get
the master equations whih are relevant for the superradiant instability. These equations
are solved numerially and we nd the onset of superradiant instabilities given by ΩHL = 1,
where ΩH is angular veloity of horizon and L is urvature sale of AdS spaetime. In se-
tion 4, we study Gregory-Laamme instability of Kerr-AdS5 × S5 spaetime. We onsider
the gravitational perturbation inluding Kaluza-Klein modes in order to see the Gregory-
Laamme instability and get the ordinary dierential equations in whih three variables
are oupled. These equations are solved numerially and we nd the Gregory-Laamme
instability. In setion 5, we reveal the phase struture of Kerr-AdS5 × S5 spaetime taking
into aount superradiant and Gregory-Laamme instabilities. The result is in Figure.1,
ΩH and T are angular veloity and temperature of Kerr-AdS5 blak holes. In Figure.1, ΩH
and T are normalized by the urvature sale of the AdS spaetime, L. The solid and dashed
lines are onset of the Gregory-Laamme and superradiant instabilities, respetively. These
lines ross eah other and we an see ve phases in this diagram. In the Stable region,
Kerr-AdS blak holes are stable. In the SR and GL region, blak holes are unstable
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against superradiant and Gregory-Laamme instabilities, respetively. In SR&GL region,
blak holes are unstable against both of them. In No Blak Holes region, there is no blak
hole solution. The nal setion is devoted to the onlusion.
2 Kerr-AdS5 blak hole in Type IIB Supergravity
2.1 Kerr-AdS5 × S5 spaetime with equal angular momenta
In this setion, we introdue Kerr-AdS5 spaetime as a solution of type IIB supergravity.
The equations of motion of type IIB supergravity are given by
RMN =
1
48
FMP2P3P4P5FN
P2P3P4P5 −
1
480
gMNFP1P2P3P4P5F
P1P2P3P4P5 , (2.1)
∇P1F
P1P2P3P4P5 = 0 , (2.2)
where M,N, · · · = 0, 1, · · · , 9. The form FM1M2M3M4M5 is RR 5-form satisfying dF = 0 and
∗F = F . We onentrate on the metri and RR 5-form eld in type IIB supergravity, while
other omponents, suh as dilaton, NSNS 3-form, RR 1-form and 3-form, have been set to
be zero. We will onsider Kerr-AdS5 × S5 spaetime whih is a solution of (2.1) and (2.2).
The Kerr-AdS5 spaetime an have two independent angular momenta generally, but, for
simpliity, we will onsider the ase of equal two angular momenta. Then, the spaetime
symmetry is enhaned and stability analysis will be possible. The metri of Kerr-AdS5×S
5
spaetime with equal angular momenta is given by
1
ds2 = −
(
1 +
r2
L2
)
dt2 +
dr2
G(r)
+
r2
4
{(σ1)2 + (σ2)2 + (σ3)2}
+
2µ
r2
(
dt+
a
2
σ3
)2
+ L2dΩ25 , (2.3)
where G(r) is dened by
G(r) = 1 +
r2
L2
−
2µ(1− a2/L2)
r2
+
2µa2
r4
. (2.4)
Then, RR 5-form is
F = 23/2L−1(ǫ
AdS5
+ ǫS5) (2.5)
where ǫS5 is volume form of L
2dΩ25 and ǫAdS5 is volume form of AdS5 part of (2.3). Beause
of the relation, ∗ǫS5 = ǫAdS5 , the form F satises the self dual ondition. In (2.3), we have
dened the invariant forms σa (a = 1, 2, 3) of SU(2) as
σ1 = − sinψdθ + cosψ sin θdφ ,
σ2 = cosψdθ + sinψ sin θdφ ,
σ3 = dψ + cos θdφ ,
(2.6)
1
To obtain this metri from Kerr-AdS5 spaetime given in [2629℄, we need some oordinate transfor-
mation and redenition of a parameter. These are summarized in appendix A.
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where 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ ψ < 4π. It is easy to hek the relation dσa =
1/2ǫabcσb ∧ σc. The dual vetors of σa are given by
e1 = − sinψ∂θ +
cosψ
sin θ
∂φ − cot θ cosψ∂ψ ,
e2 = cosψ∂θ +
sinψ
sin θ
∂φ − cot θ sinψ∂ψ ,
e3 = ∂ψ ,
(2.7)
and, by the denition, they satisfy σai e
i
b = δ
a
b .
The horizon radius r = r+ an be determined by G(r+) = 0. The angular veloity of
Kerr-AdS bak hole is given by
ΩH =
2µa
r4+ + 2µa
2
. (2.8)
For existene of horizon, the angular veloity has the upper bound,
ΩH ≤
(
1
2r2+
+
1
L2
)1/2
≡ ΩmaxH . (2.9)
In term of r+ and ΩH , the two parameters (a, µ) in the metri (2.3) an be rewritten as
a =
r2+ΩH
1 + r2+/L
2
, µ =
1
2
r2+(1 + r
2
+/L
2)2
1− (Ω2HL
2 − 1)r2+/L2
. (2.10)
We will use parameters (r+,ΩH) mainly.
2.2 Spaetime Symmetry
Now, we study the symmetry of (2.3). It will be important for separation of variables of
the gravitational perturbation equations in setion 3 and 4. Apparently, the metri (2.3)
has the time translation symmetry Rt and SO(6) symmetry omes from S
5
part of (2.3).
Additionally, the spaetime has the SU(2) symmetry haraterized by the Killing vetors
ξα , (α = x, y, z):
ξx = cos φ∂θ +
sinφ
sin θ
∂ψ − cot θ sin φ∂φ ,
ξy = − sin φ∂θ +
cosφ
sin θ
∂ψ − cot θ cosφ∂φ ,
ξz = ∂φ .
(2.11)
The symmetry an be expliitly shown by using the relation Lξασ
a = 0, where Lξα is a Lie
derivative along the urve generated by the vetor eld ξα.
From the metri (2.3), we an also read o the additional U(1) symmetry, whih keeps
the part of the metri, (σ1)2+(σ2)2 and is generated by e3. The U(1) generator e3 satises
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Le3σ
1 = −σ2 and Le3σ
2 = σ1 and, thus, Le3[(σ
1)2+(σ2)2] = 0. Therefore, the symmetry of
Kerr-AdS5×S
5
spaetime with equal angular momenta beomes Rt×SU(2)×U(1)×SO(6).
For later alulations, it is onvenient to dene the new invariant forms
σ± =
1
2
(σ1 ∓ iσ2) . (2.12)
Then, the dual vetors for σ± are
e± = e1 ± ie2 . (2.13)
By making use of these forms, the metri (2.3) an be rewritten as
ds2 = −
(
1 +
r2
L2
)
dt2 +
dr2
G(r)
+
r2
4
{4σ+σ− + (σ3)2}+
2µ
r2
(
dt +
a
2
σ3
)2
+ L2dΩ25 . (2.14)
We will use this expression in the following setions.
3 Superradiant Instability of Kerr-AdS blak holes
In the following setions, we will study the stability of Kerr-AdS5 × S
5
spaetime with
equal angular momenta (2.3). In this spaetime, we an expet two kinds of instabilities.
One of them is the superradiant instability whih is aused by the wave ampliation via
superradiane, and by wave reetion due to the potential barrier of the AdS spaetime.
This instability should be seen, even if Kaluza-Klein modes are negleted. The other
instability is the Gregory-Laamme instability whih is instability of the internal spae S5,
that is to say, the Gregory-Laamme instability is instability of Kaluza-Klein modes. First,
we shall see the superradiant instability of Kerr-AdS5 spaetime in this setion.
3.1 Perturbation equations and separability
To see the superradiant instability, we an neglet Kaluza-Klein modes of S5. In addition,
we will onsider only metri utuation on the AdS5 part of the spaetime, that is,
g′MNdx
MdxN = gMNdx
MdxN + hµν(x
µ)dxµdxν ,
F
′ = 23/2L−1(ǫ′
AdS5
+ ǫS5)
(3.1)
where µ, ν · · · are indexes on AdS5 and ǫ′
AdS5
is volume form of g′µν = gµν + hµν . For the
perturbations, the equation (2.2) is trivially satised and equation (2.1) beomes
δGµν −
6
L2
hµν = 0 . (3.2)
where δGµν is perturbation of the Einstein tensor of ve-dimensional metri gµν , whih is
dened by
6
δGµν =
1
2
[∇ρ∇µhνρ +∇
ρ∇νhµρ −∇
2hµν −∇µ∇νh
− gµν(∇
ρ∇σhρσ −∇
2h−Rρσhρσ)−Rhµν ] , (3.3)
where ∇µ denotes the ovariant derivative with respet to gµν and h = gµνhµν . Tensors Rρσ
and R are Rii tensor and Rii salar of gµν . We take AdS5 part of (2.14) as a bakground
metri gµν . The equation (3.2) is nothing but the perturbation of ve-dimensional Einstein
equations with the negative osmologial onstant.
The perturbation equation (3.2) is a partial dierential equation of hµν(t, r, θ, φ, ψ).
However, in previous works [18,19,21,30℄, it was shown that the perturbation equations an
be redued to ordinary dierential equations by fousing on the symmetry of the bakground
spaetime, Rt × SU(2)× U(1). Here, we will briey review these works.
Let us dene the two kinds of angular momentum operators
Lα = iξα , Wa = iea . (3.4)
where α, β, · · · = x, y, z and a, b, · · · = 1, 2, 3. They satisfy ommutation relations
[Lα, Lβ] = iǫαβγLγ , [Wa,Wb] = −iǫabcWc , [Lα,Wa] = 0 , (3.5)
where ǫαβγ and ǫabc are antisymmetri tensors whih satisfy ǫ123 = ǫxyz = 1. The Casimir
operators onstruted by Lα and Wa are idential and we dene L
2 ≡ L2α = W
2
a . The
symmetry group, SU(2)×U(1) is generated by Lα and W3. Here, we should notie the fat
LW3σ
± = ±σ± , LW3σ
3 = 0 . (3.6)
It means that σ± and σ3 have U(1) harges ±1 and 0. Sine operators L2, Lz and W3
ommute eah other, these are simultaneously diagonalizable. The eigenfuntions are alled
Wigner funtions DJKM(θ, φ, ψ) dened by
L2DJKM = J(J + 1)D
J
KM , LzD
J
KM = MD
J
KM , W3D
J
KM = KD
J
KM , (3.7)
where indexes J,K and M are dened for J = 0, 1/2, 1, · · · and K,M = −J,−J + 1, · · ·J .
The following relations are useful for later alulations
W+D
J
KM = iǫKD
J
K−1,M , W−D
J
KM = −iǫK+1D
J
K+1,M , W3D
J
KM = KD
J
KM , (3.8)
where we have dened W± = W1 ± iW2 and ǫK =
√
(J +K)(J −K + 1). From this
relation, we get the dierential rule of the Wigner funtion as
∂+D
J
KM = ǫKD
J
K−1,M , ∂−D
J
KM = −ǫK+1D
J
K+1,M , ∂3D
J
KM = −iKD
J
KM , (3.9)
where we have dened ∂± ≡ ei±∂i and ∂3 ≡ e
i
3∂i.
Now, we onsider the mode expansion of hµν . The metri perturbations an be lassied
into three parts, hAB, hAi, hij where A,B = t, r and i, j = θ, φ, ψ. They behave as salar,
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vetor and tensor for oordinate transformation of θ, φ, ψ, respetively. The salar hAB an
be expanded by Winger funtions immediately as
hAB =
∑
K
hKAB(x
A)DK(x
i) . (3.10)
Here, we have omitted the indexes J,M beause the dierential rule of Wigner funtion (3.9)
annot shift J,M and therefore the modes with dierent eigenvalues J,M are trivially
deoupled in the perturbation equations.
To expand the vetor part hAi, we need a devie. First, we hange the basis {∂i} to
{ea}, that is hAi = hAaσai where a = ±, 3. Then, beause hAa is salar, we an expand it
by the Wigner funtion as
hAi(x
µ) = hA+(x
µ)σ+i + hA−(x
µ)σ−i + hA3(x
µ)σ3i
=
∑
K
[
hKA+(x
A)σ+i DK−1 + h
K
A−(x
A)σ−i DK+1 + h
K
A3(x
A)σ3iDK
]
. (3.11)
In the expansion of hA+, hA− and hA3, we have shifted the index K of Wigner funtions, for
example, hA+ has been expanded as
∑
K h
K
A+DK−1. The reason is as follows. The invariant
forms σ± and σ3 have the U(1) harge ±1 and 0, respetively (see Eq. (3.6)), while the
Wigner funtion DK has the U(1) harge K (see Eq. (3.7)). Therefore, by shifting the index
K, we an assign the same U(1) harge K to σ+i DK−1, σ
−
i DK+1 and σ
3
iDK in Eq. (3.11).
The expansion of tensor part hij an be arried out in a similar way as
hij(x
µ) =
∑
K
[
hK++σ
+
i σ
+
j DK−2 + 2h
K
+−σ
+
i σ
−
j DK + 2h
K
+3σ
+
i σ
3
jDK−1
+hK−−σ
−
i σ
−
j DK+2 + 2h
K
−3σ
−
i σ
3
jDK+1 + h
K
33σ
3
i σ
3
jDK
]
. (3.12)
To assign the same U(1) harge K to eah term, we have shifted the index K of Wigner
funtions.
Substituting Eqs. (3.10), (3.11), (3.12) into the perturbation equations (3.2), we get the
equations for eah mode labelled by J , M , K. Beause of SU(2)×U(1) symmetry, dierent
eigenmodes annot appear in the same equation.
It is interesting that we an nd master variables from above information. First, we
should notie that oeients of the expansion have dierent indexes K and, therefore,
oeients of omponents hKAB, h
K
Aa and h
K
ab are restrited as follows:
h++ hA+, h+3 hAB, hA3, h+−, h33 hA−, h−3 h−−
|K − 2| ≤ J |K − 1| ≤ J |K| ≤ J |K + 1| ≤ J |K + 2| ≤ J
From this table, we an see that, in K = ±(J + 2) mode, there is only one variable h±±,
respetively. Therefore, the (J,M,K = ±(J + 2)) modes always redue to a single master
equation. We will study the stability of these modes. In fat, (J = 0,M = 0, K = 0,±1)
modes also redue to a single master equation. The stability of (J = 0,M = 0, K = 0,±1)
modes are studied in appendix B and we will see that these modes are irrelevant to see the
onset of the superradiant instability.
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3.2 Master Equations
We will derive the master equation for (J,M,K = ±(J+2)) modes. Beause of the relation
h++ = h
∗
−−, we will onsider (J,M,K = J + 2) modes only. Then, we an set hµν as
hµν(x
µ)dxµdxν = h++(r)e
−iωtDJ(x
i)σ+σ+ , (3.13)
where DJ ≡ DJK=J,M . This h++ eld is gauge invariant. We substitute Eq. (3.13) into
Eq. (3.2) and use the dierential rule of Wigner funtions (3.9). Then, ++ omponent
of (3.2) is given by
1
2r10G(r)
[
− r10G(r)2h′′++ − r
5G(r)(6µr2λa2 − 10µa2 + 6µr2 − λr6 − r4)h′++
−
{
− 4λ2r12 + (4λ(3 + 3J + J2) + ω2)r10 − 4(J + 1)(J + 2)r8
− 2µ(−4 + 16λa2 + 4Jλa2 − 12J − 4J2 + 4a(J + 2)ω − a2ω2)r6
+ 8µ(2µ+ 2µλ2a4 + 4µa2λ+ Ja2 + 4a2)r4
− 48a2µ2(1 + λa2)r2 + 32µ2a4
}
h++
]
e−iωtDJ(θ, φ, ψ) = 0 .
(3.14)
This equation an be rewritten as
−
d2Φ
dr2∗
+ V (r)Φ = [ω − 2(J + 2)Ω(r)]2Φ , (3.15)
where we have introdued the new variable,
Φ =
(r4 + 2µa2)1/4
r3/2
h++ . (3.16)
and the tortoise oordinate,
dr∗ =
(r4 + 2µa2)1/2
r2G(r)
dr . (3.17)
The funtion Ω(r) and potential V (r) are given by
Ω(r) =
2µa
r4 + 2µa2
, (3.18)
and
V (r) =
G(r)
4r2(r4 + 2µa2)3
[
15r14/L2 + (4J + 7)(4J + 5)r12 + 6µ(3 + 11a2/L2)r10
+ 2µa2(16J2 + 32J + 5)r8 − 4µ2a2(10− 17a2/L2)r6
− 4µ2a4(16J + 35)r4 + 8µ3a4(1− a2/L2)r2 − 40µ3a6
]
.
(3.19)
We an obtain the asymptoti form of Ω(r) and V (r) as
Ω(r)→ ΩH (r → r+) , Ω(r)→ 0 (r →∞) , (3.20)
9
and
V (r)→ 0 (r → r+) , V (r)→
15r2
4L4
(r →∞) , (3.21)
where ΩH is the angular veloity of the horizon whih is dened in Eq. (2.8). Therefore,
the asymptoti form of the solution of master equation (3.15) beomes
Φ→ e±i{ω−2(J+2)ΩH}r∗ (r → r+) , Φ→ r
−1/2±2 (r →∞) . (3.22)
We will solve (3.15) numerially and show the superradiant instability.
3.3 Stability analysis
3.3.1 A Method to Study the Stability
We will nd the instability by shooting method. Then, sine the master equation (3.15) is
not self adjoint form, we should put ω = ωR+ iωI (ωR, ωI ∈ R) and there are two shooting
parameter, ωR and ωI . However, if the purpose is to nd the onset of instability, the number
of shooting parameter an be redued to one [13, 21, 31℄.
We have separated the time dependene as hµν ∝ e−iωt in (3.13). Therefore, unstable
mode satises Imω > 0. Thus, the boundary ondition for regularity at the horizon beomes
Φ→ e−i{ω−2(J+2)ΩH}r∗ (r → r+) . (3.23)
Then, the general form of wave funtion at innity beomes
Φ→ Z1r
−5/2 + Z2r
3/2 (r →∞) , (3.24)
where Z1, Z2 are onstants. For regularity at innity, the ondition Z2 = 0must be satised.
Therefore, the boundary onditions whih unstable mode satises are
Φ→ e−i{ω−2(J+2)ΩH}r∗ (r → r+) , Φ→ Z1r
−5/2 (r →∞) . (3.25)
Now, we onsider the marginally stable mode. then, we an set Imω = 0. In this ase
of ω ∈ R, Wronskian of ΦK is onserved, that is,
Im
[
Φ∗
d
dr∗
Φ
]r=r2
r=r1
= 0 , (3.26)
for any r1 and r2. We take r1 = r+ and r2 = ∞. Then, from Eq. (3.26), we an get the
relation,
2(J + 2)ΩH − ω = −4L
−2
Im(Z1Z
∗
2) . (3.27)
where we have used the asymptoti form of (3.23) and (3.24). To avoid divergene at
innity, Z2 = 0 must be satised. Then, we an get
ω = 2(J + 2)ΩH . (3.28)
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Therefore, equation whih we should solve is
−
d2Φ
dr2∗
+ Vˆ (r)Φ = 0 , (3.29)
where
Vˆ (r) ≡ V (r)− 4(J + 2)2(ΩH − Ω(r))
2 . (3.30)
The boundary ondition an be obtained by substituting Φ = Φ(r+) + Φ
′(r+)(r − r+)
into (3.30) and it is given by
Φ′(r+)
Φ(r+)
=
r4+ + 2µa
2
r4+
V ′(r+)
G′(r+)2
. (3.31)
There is only one shooting parameter, ΩH , in (3.29).
3.3.2 Limit of Small Kerr-AdS Blak Holes
Before the numerial alulation, it is important to solve master equation (3.29) analytially
in some limit [32℄. It may be useful to hek the numerial alulation. We onsider Kerr-
AdS blak holes in the limit of r+ → 0. Then, master equation (3.15) an be solved exatly.
The solution whih approah to zero at innity is
Φ =
(r/L)7/2+2J
(1 + r2/L2)J+3
F
(
(J + 2)ΩHL+ J + 3,−(J + 2)ΩHL+ J + 3; 3;
1
1 + r2/L2
)
,
(3.32)
where F (α, β; γ; z) is Gauss hypergeometri funtion. Then, the asymptoti form of r → 0
beomes
Φ =
2(2J + 2)!
Γ[(J + 2)ΩHL+ J + 3]Γ[−(J + 2)ΩHL+ J + 3]
( r
L
)−2J−5/2
−
4(−1)2J+3
(2J + 3)!Γ[(J + 2)ΩHL− J ]Γ[−(J + 2)ΩHL− J ]
( r
L
)2J+7/2
ln
( r
L
)
. (3.33)
For the regularity at horizon, the rst term of (3.33) must vanish. Thus, we an get
ΩHL = (J +3+ p)/(J +2) where p = 0, 1, 2, · · · . This alulation is to see the onset of the
instability and the lowest value of ΩH is important. The lowest value of ΩH is given by
ΩHL =
J + 3
J + 2
. (3.34)
Numerial result must approah this value in the limit of r+ → 0.
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3.3.3 Onset of superradiant instability
Now, we shall solve (3.29) numerially. Using the Lunge-Kutta algorithm, we integrate the
Eq. (3.29) from the horizon to innity with various ΩH . The boundary onditions at the
horizon are given by (3.31). Then, the general form of the wave funtion at innity is given
by (3.24). We an see that, at some value of ΩH , the Z2 ip the sign. It means that Z2 = 0
mode exists. We will searh suh ΩH numerially and plot the result in ΩH -r+ diagram.
The result is in Figure.2. The urves represent borderline of stability and instability of
eah mode, that is, eah mode is stable below the urve, while they are unstable above the
urve. From this gure, we an read o that, in the limit of r+ → 0, these urves for eah
mode approah ΩH = (J + 3)/(J + 2). This result is onsistent for analytial alulation
in setion 3.3.2. We an also see that, for higher J mode, the instability ours at a lower
angular veloity. These urves seem to approah ΩHL = 1 for large J . These properties
are the same for D = 7, 9, 11, · · · ases [13℄.
It is surprising that these results have been already seen in dual gauge theory [33, 34℄.
In [34℄, eetive mass term for salar elds of dual gauge theory have been obtained as
m2
e
= (2J + 1)2L−2 − 4Ω2HK
2 . (3.35)
Beause of |K| ≤ J , if ΩHL < 1 satised, m2
e
is positive for any J and K. However, if
ΩHL > 1, m
2
e
an be negative for large J and K modes. Thus, we see that, for ΩHL > 1,
dual gauge theory is unstable and higher J mode beomes tahyoni rst as ΩH inreases.
These results are the same for superradiant instability of Kerr-AdS5 blak holes.
4 Gregory-Laamme instability of Kerr-AdS5 × S
5
spaetimes
4.1 Perturbation Equation
In the previous setion, we have seen the superradiant instability of Kerr-AdS5×S5 spae-
time. The superradiant instability breaks the symmetry of Kerr-AdS5. In this setion,
we will onsider the Gregory-Laamme instability of Kerr-AdS5 × S5 spaetimes. This
instability breaks the symmetry of S5. Thus, we must see the Kaluza-Klein modes of the
perturbations whih have been negleted in the previous setion.
We will onsider only the metri utuations on the AdS5 part of the spaetime, that
is,
g′MNdx
MdxN = gMNdx
MdxN + hµν(x
µ)Yℓ(Ω5)dx
µdxν ,
F
′ = 23/2L−1(ǫ′
AdS5
+ ǫS5)
(4.1)
where Yℓ(Ω5) is spherial harmonis on S
5
whih satisfy
∇2S5Yℓ = −ℓ(ℓ + 4)Yℓ , (4.2)
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Figure 2: The onset of superradiant instability is depited in ΩH -r+ diagram. We plot
onset lines for J = 0, 1/2, 1, 2, 5, 30 modes by solid lines. At the above dashed line, the
Kerr-AdS5 blak holes beome extreme and, in the region of upper right, there is no blak
hole solutions. The below dashed line is ΩHL = 1. We an see that onset line of higher J
modes appear at lower ΩH and these lines approah ΩHL = 1 for J →∞.
here ∇2S5 is the Laplaian of S
5
and ℓ = 0, 1, 2, · · · . The ǫ′
AdS5
in (4.1) is the volume
form of g′µν = gµν + hµν(x
µ)Yℓ(Ω5). Sine, in the ase of Shwarzshild-AdS5 × S
5
, the
Gregory-Laamme instability has been found in these utuations [25℄, the instability of
Kerr-AdS5 × S5 must also appear in these utuations. Here, we should notie that, in
(4.1), hµν depends on the oordinates on S
5
. It is essential to see the Gregory-Laamme
instability. Then, from (2.1), we an obtain the perturbation equations as
δGµν =
6
L2
hµν −
ε
L2
(
hµν −
1
2
h
)
, (4.3)
where ε = ℓ(ℓ+ 4)/2 and δGµν is dened in (3.3). From (2.2), we an get
h(xµ)∂aYℓ(Ω5) = 0 , (4.4)
where a is index on S5. In the ase ℓ = 0, (4.4) is trivially satised and (4.3) redues to
(3.2). For ℓ ≥ 1, (4.4) implies h(xµ) = 0. Then, as a onstraint equation of (4.3), we an
get transverse ondition of hµν as shown in the appendix C. Thus, even for Kaluza-Klein
modes, we an use transverse traeless onditions,
∇νhµν = g
µνhµν = 0 . (4.5)
To separate variables of equations (4.3) and (4.5), we will use the formalism in the setion
3.1 again. We an expand hµν by the Wigner funtion D
J
KM and obtain ordinary dierential
equations labeled by (J,K,M). We will not study the stability of all modes, but we will
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onsider only J = M = K = 0 mode. The Gregory-Laamme instability of Shwarzshild-
AdS5×S
5
spaetime was found in the s-wave of AdS5 [25℄ and, thus, we an expet that, in
the Kerr-AdS5 × S5 spaetime, the instability appears in most symmetri mode, J = M =
K = 0. The metri perturbation for this mode is given by
hµν(x
µ)dxµdxν = htt(r)dt
2 + 2htr(r)dtdr + hrr(r)dr
2 + 2ht3(r)dtσ
3
+ 2hr3(r)drσ
3 + 2h+−(r)σ
+σ− + h33(r)σ
3σ3 , (4.6)
where we assume that the metri perturbation hµν does not depend on t, in order to see
the onset of Gregory-Laamme instability. The stability of ℓ = 0 mode of this perturbation
is shown in Appendix B.1 and, thus, we will onsider ℓ = 1, 2, 3, · · · . We substitute (4.6)
into (4.3). Then, from tr and r3 omponents of the perturbation equation, we an obtain
htr = hr3 = 0 . (4.7)
Now, we introdue dimensionless variables, α, β, δ, η and ζ , as
htt = −
(
1 +
r2
L2
−
2µ
r2
)
α , hrr =
β
G(r)
, h+− =
r2
4
δ
h33 =
r2
4
(
1 +
2µa2
r4
)
η , ht3 =
2µa
r2
ζ .
(4.8)
Hereafter, we put L = 1 to simplify expressions. Then, the traeless ondition h = 0 an
be written as
(r4 + r2 − 2µ)(r4 + 2µa2)α + r6G(r)β + r6G(r)δ
+ (r4 + r2 − 2µ)(r4 + 2µa2)η + 16µ2a2ζ = 0 , (4.9)
and the r-omponent of transverse ondition ∇νhµν = 0 is
− (r4 + r2 − 2µ){r8 + 2µ(1 + 2a2)r4 − 4µ2a2(1 + a2)}α
+ r9G(r)2β ′ + r4G(r){4r6 + 3r4 − 4µ(1− a2)r2 + 2µa2}β + r8G(r)2δ
− (r4 + 2µa2){r8 + 2r6 − (2µa2 + 4µ− 1)r4 − 4µ(a2 + 1)r2 + 2µ(2µ+ 2µa2 + a2)}η
− 16µ2a2{3r4 + 2r2 − 2µ(1− a2)}ζ = 0 ,
(4.10)
where
′ ≡ d/dr. We an see that, using (4.9) and (4.10), α and ζ an be eliminated.2 Then,
rr,+− and 33 omponent of (4.3) are given by
− r6G(r)β ′′ − r{13r6 + 9r4 − 10µ(1− a2)r2 + 2µa2}β ′
− 2{(16− ε)r6 + 6r4 − 4µa2}β + 4(r4 − 2µa2)δ + 4(r4 + 2µa2)η = 0 , (4.11)
2
We an eliminate other variables, suh as (α, δ), (δ, η). However, if we eliminate these variables, the
singular point will appear at r+ < r <∞ in the resultant equations [25℄. The variables (α, ζ) are the best
variables for elimination as far as we an see.
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4r5G(r)β ′ + 8(2r6 + r4 − 2µa2)β − r6G(r)δ′′
− r{5r6 + 3r4 − 2µ(1− a2)r2 − 2µa2}δ′ + 2(εr6 + 8µa2)δ − 8(r4 + 2µa2)η = 0 , (4.12)
2r5G(r)(r4 + 2µa2)β ′′ + 2(r4 + 2µa2){11r6 + 7r4 − 6µ(1− a2)r2 − 2µa2}β ′
+ 16r3(3r2 + 1)(r4 + 2µa2)β − 2(r8 − 4µr6 + 4µa2r4 + 4µ2a4)δ′ − 8r3(r4 + 2µa2)δ
− r5G(r)(r4 + 2µa2)η′′ − r4G(r)(5r4 − 6µa2)η′ + 2εr5(r4 + 2µa2)η = 0 . (4.13)
We an hek that the other omponents of (4.3) are derived from (4.11), (4.12) and (4.13).
There are three degree of freedom in J = M = K = 0 mode.3
4.2 Onset of the Gregory-Laamme instability
We will solve equations (4.11), (4.12) and (4.13) numerially and see the onset of the
Gregory-Laamme instability. First, we derive the boundary onditions at the horizon.
Substituting
β = b0 + b1(r − r+) , δ = d0 + d1(r − r+) , η = e0 + e1(r − r+) , (4.14)
into (4.11), (4.12) and (4.13), we obtain
b1 =
(εr6+ − 16r
6
+ + r
4
+ε− 24r
4
+ − 8r
2
+ − 4µ)b0 + 4(r
4
+ + r
2
+ − 2µ)d0
4r+(r
6
+ + 2r
4
+ + r
2
+ − µ)
,
d1 =
8(r6+ + 2r
4
+ + r
2
+ + µ)b0 + (εr
6
+ + εr
4
+ − 4r
4
+ + 16µ− 4r
2
+)d0
2r+(r6+ + 2r
4
+ + r
2
+ − µ)
,
e0 = −2b0 − d0 .
(4.15)
Free parameters b0, d0, e1 remain. However, we an set e1 = 1 by the resale of β, δ, η.
Hene, parameters whih we should set at horizon are b0, d0. On the other hand, at r →∞,
the growing mode of β, δ, η beomes
δ ≃ C1 r
ℓ , η ≃ C2 r
ℓ , β ≃
C1 + C2
ℓ+ 3
rℓ−2 + C3r
ℓ−4 . (4.16)
Thus, for large r, we an get the oeients of the growing modes approximately as
C1 = δ/r
ℓ , C2 = η/r
ℓ , C3 =
(
β −
C1 + C2
ℓ+ 3
rℓ−2
)
/rℓ−4 . (4.17)
These C1, C2, C3 must be zero at innity
4
.
Now, we an start the numerial integration. We solve (4.11), (4.12), (4.13) from r1 =
r+ + 1.0× 10
−5L to r2 = 1.0× 10
4L by the Runge-Kutta algorithm. Input parameters are
r+,ΩH , b0, d0 and we an get Ci = Ci(r+,ΩH , b0, d0) (i = 1, 2, 3) at r = r2. For xed r+, we
3
In the ase ℓ = 0, the gauge freedom are restored and degree of freedom beomes one as explained in
appendix B.1.
4
For ℓ = 1, 2, 3, 4, β is not singular even if C3 6= 0, but for the regularity of ζ, we need C3 = 0.
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Figure 3: The onset lines of Gregory-Laamme instability are depited. We depited them
for ℓ = 1, 2, 3 by solid lines. Above regions of eah line, Kerr-AdS5 is unstable against
Gregory-Laamme instabilities of eah mode. These lines have maximum value and ap-
proah ΩHL = 1 for r+ →∞. At the above dashed line, the Kerr-AdS5 blak holes beome
extreme and, in the region of upper right, there are no blak hole solutions. The below
dashed line is ΩHL = 1, whih is the onset of the superradiant instability.
look for b0, d0,ΩH whih satisfy Ci = 0 by the Newton-Raphson method. We repeat this
proedure with various r+. The result is given in Figure. 3. These lines have maximum
value and approah ΩHL = 1 for r+ → ∞. We an see that ℓ = 1 mode is relevant for
the onset of the Gregory-Laamme instability. It is remarkable that onset line of Gregory-
Laamme and superradiant instabilities interset eah other. Thus, both of the instabilities
an appear in Kerr-AdS5×S5 spaetimes. In the limit of ΩH → 0, we an read o the onset
of the instability as r+/L = 0.4402(ℓ = 1), 0.3238(ℓ = 2), 0.2570(ℓ = 3). It is onsistent
with the instability of Shwarzshild-AdS5 × S5 spaetimes [25℄.
5 Phase struture
In this setion, taking into aount superradiant and Gregory-Laamme instabilities, the
phase struture of the Kerr-AdS5×S5 spaetime is revealed. Here, we need some omments
on the stability analyses performed in setion 3 and 4. We studied some spei modes
and found instabilities. However, we did not study all modes of perturbations and, stritly
speaking, onsets of superradiant and Gregory-Laamme instabilities an be hanged by
all modes analysis. To make sure that the onset of instabilities that we derived gives a
true onset of instability, we studied the stability of (J,M,K = J + 2), ℓ 6= 0 modes in
Appendix B.3. As the result, we found the instability whose onset is given by ΩHL ≃
(J + 3 + ℓ/2)/(J + 2). This result suggest that mass term of graviton lifts up the onset of
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instability and these are not relevant to see the onset of superradiant instability. The result
of Appendix B.3 also suggests that the Gregory-Laamme type instability is not found in
higher modes in AdS5 part of spaetime. Beause of above reason, we regard the result
derived in setion 3 and 4 as a true onset of instabilities and reveal the phase struture of
Kerr-AdS5 × S5 spaetimes.
Until previous setion, we have been using parameters (r+,ΩH). However, for ompar-
ison with the gauge theory, the horizon radius r+ is not a good parameter beause r+ is
not dened in the gauge theory. Therefore, we see the phase diagram by thermodynamial
parameters, the temperature T and angular veloity ΩH . The temperature is dened by
T =
2(1− Ω2HL
2)r2+/L
2 + 1
2πr+
√
1 + r2+/L
2
(1− Ω2HL
2)r2+/L
2 + 1
. (5.1)
Using this equation, we an map Figure.3 onto T -ΩH diagram. The result is given in
Figure.1. The solid and dashed lines are the onset of Gregory-Laamme and superradiant
instabilities, respetively. These lines ross eah other and we an see ve phases in this
diagram. In the Stable region, Kerr-AdS blak holes are stable. In the SR and GL
region, blak holes are unstable against superradiant and Gregory-Laamme instabilities,
respetively. In SR&GL region, blak holes are unstable against both of them. In No
Blak Holes region, there is no blak hole solution.
To get this phase diagram, we need some attentions. In Figure.4, we plot the tem-
perature as a funtion of r+. In the ase of ΩHL < 1, there are two r+ giving the same
temperature. We will all these phases as small and large blak hole phases. There is no
one-to-one orrespondene for r+ and T . Sine the Gregory-Laamme instability appears
in the small blak hole phase, we hose the small blak hole phase to depit the phase
diagram. We an also see that the temperature has minimal value T
min
(ΩH) > 0. The
No Blak Holes phase in Figure.1 omes from this bound. In the ase of ΩHL = 1, the
temperature T has no minimal value, but it is bounded by T > 1/(2π). For ΩHL > 1, T
beomes zero at some value of r+. Thus, No Blak Holes phase is vanishing for ΩHL > 1
in Figure.1. The ΩH = Ω
max
H line in Figure.3, has been mapped onto a ray of T = 0 and
ΩH > 1.
6 Conlusions and Disussions
We have studied gravitational perturbations of Kerr-AdS5×S5 spaetimes with equal angu-
lar momenta. First, we studied the stability of Kerr-AdS5 negleting Kaluza-Klein modes
and found the superradiant instability. We ould see that the onset is given by ΩHL = 1.
We also studied the stability inluding Kaluza-Klein modes of S5 and found the Gregory-
Laamme instability. From these results, we made out the phase diagram of Kerr-AdS5×S5
spaetime in Figure.1 and found ve phases in this diagram.
It is surprising that superradiant and Gregory-Laamme instabilities an be understood
by the dual gauge theory. In the dual gauge theory, the angular veloity of the horizon ΩH
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Figure 4: We plot the temperature of Kerr-AdS5 blak holes as a funtion of r+ for ΩHL =
0.5, 1, 1.1. For ΩHL < 1, there are two r+ giving the same temperature and the temperature
T has a minimal value. For ΩHL = 1, the temperature monotonially dereases and
approahes TL = 1/(2π). For ΩH > 1, the temperature beomes zero at some value of r+.
is regarded as a hemial potential [26, 33, 34℄. It has been shown that, for ΩHL > 1, the
gauge theory is unstable and higher J mode beomes tahyoni rst as ΩH inreases [34℄.
In gravity theory, we found same property, that is, we an see that, from Figure.2, higher J
mode beomes unstable rst as ΩH inreases. This remarkable oinidene of gravity and
gauge theories gives a strong evidene for the AdS/CFT orrespondene.
There are also several works on the Gregory-Laamme instability from the gauge the-
ory point of view [3538℄. Espeially, in [38℄, N = 4 SYM on S3, whih is dual to the
Shwarzshild-AdS5 × S5 spaetime, is studied with weak 't Hooft oupling. In their work,
for high temperature, they found a new saddle point in whih SO(6) R-symmetry is spon-
taneously broken and SO(5) symmetry is remained. The SO(6) R-symmetry in the gauge
theory orresponds to the symmetry of internal spae S5 in the dual gravity theory and,
thus, this appearane of the new saddle point was identied to the Gregory-Laamme in-
stability. For the Kerr-AdS5 × S5 spaetime, our result of Figure.1 gives a predition for
the phase struture of the gauge theory. However, unfortunately, there is no work for the
Gregory-Laamme instability in the view of gauge theory for the rotating blak hole. It is
interesting to extend the work of [38℄ to Kerr-AdS5 × S5 spaetime and ompare with our
result of Figure.1.
In the dual gauge theory, we an still introdue R-symmetry hemial potentials. This
theory orresponds to the R-harged blak hole solution obtained in [39℄. For highly R-
harged blak holes, thermodynamial instability was found [34, 39, 40℄ and this instability
an be understood by the dual gauge theory [34, 40℄. However, the dynamial instability
is not found through gravitational perturbations. In the gauge theory, this instability is
desribed by the appearane of a tahyoni mode of salar elds and, thus, this instability
breaks the R-symmetry, SO(6). On the other hand, in gravity theory, SO(6) symmetry
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omes from internal spae S5 and, therefore, we an expet that this instability appears
in Kaluza-Klein modes of S5. The Kaluza-Klein modes an be regarded as a harged eld
in the eetive theory in AdS5. In the system of a harged blak hole and harged eld,
superradiane ours and superradiant instability is aused in the AdS spaetime. It is
hallenging to study the stability of R-harged blak hole taking into aount the Kaluza-
Klein modes of S5.
In this paper, beause of the pratial reason, we ould not study stability of Kerr-
AdS5 spaetimes with independent angular momenta. However, for Kerr-AdS5 with one
rotation, we may be able to nd a new kind of instability. In the ase of asymptotially at
spaetimes, it was suggest that there is a phase transition between ve-dimensional Kerr
blak hole and blak ring solutions [41℄. For asymptotially AdS spaetimes, perturbative
solution of blak ring has been found [42℄ and there may be a transition between Kerr-AdS5
blak hole and the AdS blak ring.
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A Kerr-AdS blak hole with independent angular momenta
The Kerr-AdS5 spaetime with independent angular momenta is given by [2629℄
ds2 = −
∆
ρ2
(
dt+
a1 sin
2 θ1
Ξ1
dφ1 +
a2 cos
2 θ1
Ξ2
dφ2
)2
+
∆θ sin
2 θ1
ρ2
(
a1dt +
(r¯2 + a21)
Ξ1
dφ1
)2
+
∆θ1 cos
2 θ1
ρ2
(
a2dt+
(r¯2 + a22)
Ξ2
dφ2
)2
+
ρ2
∆
dr¯2 +
ρ2
∆θ1
dθ21
+
(1 + r¯2/L2)
r¯2ρ2
(
a1a2dt+
a2(r¯
2 + a21) sin
2 θ1
Ξ1
dφ1 +
a1(r¯
2 + a22) cos
2 θ1
Ξ2
dφ2
)2
,
(A.1)
where
∆ =
1
r¯2
(r¯2 + a21)(r¯
2 + a22)(1 + r¯
2/L2)− 2m ,
∆θ = 1− a
2
1L
−2 cos2 θ1 − a
2
2L
−2 sin2 θ1 ,
ρ2 = r¯2 + a21 cos
2 θ1 + a
2
2 sin
2 θ1 ,
Ξi = 1− a
2
i /L
2 (i = 1, 2) ,
(A.2)
This spaetime has symmetry Rt × U(1)2 generated by ∂t, ∂φ1 and ∂φ2 . Now, we on-
sider Kerr-AdS spaetime with equal angular momenta, a1 = a2 ≡ a. We introdue new
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oordinates and parameter,
θ = 2θ1 , φ = φ2 − φ1 , ψ = φ1 + φ2 − 2at ,
r2 = (r¯2 + a2)/(1− a2) , µ = m/(1− a2)3 .
(A.3)
As a result, we an get the AdS part of (2.3).
B Stability analysis for other modes
In setion 3 and 4, we studied spei modes and found superradiant and Gregory-Laamme
instabilities. However, Gregory-Laamme instabilities may be hanged by all modes anal-
ysis. In this appendix, we will study the stability of other modes whih an be redued
to a single master equation. These are (J = 0,M = 0, K = 0, 1) with ℓ = 0 modes and
(J,M,K = J + 2) with any ℓ modes. As the result of stability analysis, we an see some
evidene that the onset of instabilities derived in setions 3 and 4 gives a true onset of
instability.
B.1 (J = 0,M = 0, K = 0) with ℓ = 0 mode
In perturbation equation (3.2), (J = 0,M = 0, K = 0, 1) and (J,M,K = J + 2) modes
an be redue to a single master equations. The stability of (J,M,K = J + 2) modes are
studied in setion 3. Here, we shall onsider (J = 0,M = 0, K = 0) mode.5
As we have seen in setion 3.1, there exist htt, htr, hrr, ht3, hr3, h+−, h33 elds in this
mode. We set hµν as
hµνdx
µdxν = e−iωt
[
htt(r)dt
2 + 2htr(r)dtdr + hrr(r)dr
2 + 2ht3(r)dtσ
3
+ 2hr3(r)drσ
3 + 2h+−(r)σ
+σ− + h33(r)σ
3σ3
]
. (B.1)
With the gauge parameters
ξA(x
µ) = ξA(r)e
−iωt , ξi(x
µ) = ξ3(r)e
−iωtσ3i , (B.2)
the gauge transformations δhµν = ∇µξν +∇νξµ for these omponents are given by
δhtt = −2iωξt −
4µG(r)
r3
ξr , δhtr = ξ
′
t −
4µ
r3G(r)
ξt − iωξr +
8µ
r5G(r)
ξ3 ,
δht3 = −
2G(r)µa
r3
ξr − iωξ3 , δhrr = 2ξ
′
r +
4µ(r2 − 2a2)
r5G(r)
ξr ,
δhr3 = −
4µa
r3G(r)
ξt + ξ
′
3 −
2(r4 − 2µr2 − 2µa2)
r5G(r)
ξ′3 ,
δh+− = rG(r)ξr , δh33 =
G(r)(r4 − 2µa2)
2r3
ξr .
(B.3)
5
This mode have been already studied using other formalism [43℄.
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Our gauge hoies are
htt = ht3 = h33 = 0 . (B.4)
One an hek that these are omplete gauge xing from (B.3). After the gauge xing,
four elds htr, hrr, hr3, h+− remain. However, all of them do not have degree of freedom.
Substituting Eq. (B.1) and Eq. (B.4) into Eq. (3.2), we an get three onstraint equations
and one degree of freedom remains. Therefore, we an get a single master equation. The
equation an be written in the Shrödinger form as
6
−
d2Φ0
dr2∗
+ V0(r)Φ0 = ω
2Φ0 (B.5)
where
Φ0 ≡
(r4 − 2µa2)(r4 + 2µa2)1/4
r3/2(3r4 + 2µa2)
h+− , (B.6)
and the tortoise oordinate r∗ is dened in (3.17). The potential V0(r) is determined by
V0(r) =
G(r)
4(3r4 + 2µa2)2(r4 + 2µa2)3r2
×
[
135r22/L2 + 315r20 + 18µ(9 + 43a2/L2)r18 + 2430µa2r16
+ 8µ2a2(174 + 55a2/L2)r14 + 5400µ2a4r12 + 16µ3a4(363− 193a2/L2)r10
+ 2608µ3a6r8 + 80µ4a6(76− 49a2/L2)r6 − 2064µ4a8r4
+ 32µ5a8(1− a2/L2)r2 − 160µ5a10
]
.
(B.7)
We onsider the stability of this J = M = K = 0 mode. In this mode, the master
equation (B.5) is in the Shrödinger form. Therefore, positivity of V0 means stability of
this mode. The typial prole of V0 is shown in Figure. 5. We an see the positivity of this
potential from this gure. In fat, the positivity an be heked from the expression (B.7).
From Eq. (2.9) and (2.10), we obtain
a2 ≤
r4+
(1 + r2+/L
2)2
(
1
2r2+
+
1
L2
)
. (B.8)
The right hand side is an inreasing funtion of r+ whih approahes to L
2
in the limit of
r+ → ∞. Thus, we an get the inequality a
2 ≤ L2. Therefore, negative terms in the big
brakets of Eq. (B.7) are r4 and r0 terms. To see positivity of V0(r), we fous on r
6
, r4
and r0 terms in the big braket of Eq. (B.7). After dividing them by 16µ4a6, these terms
beome
f(r) = 5(76− 49a2/L2)r6 − 129a2r4 − 10µa4 . (B.9)
6
The detail alulations are very similar to [21℄ and we have omitted the most of them.
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If f(r) is positive, V0(r) is also positive. Now, we substitute Eq. (2.10) into Eq. (B.9).
Beause of Ω ≤ ΩmaxH and r ≥ r+, we an put ΩH = s
2/(1 + s2)ΩmaxH for s ≥ 0 and
r2 = x2 + r2+. Then, we an obtain
f(r) =
L6
2(1 + s2)2α2
[
{760α2 + 1520α2s2 + (760 + 1275β + 270β2)s4}x6
+ β{2280α2 + 4560α2s2 + 3(717 + 1189β + 270β2)s4}x4
+ β2{2280α2 + 4560α2s2 + 3(674 + 1103β + 270β2)s4}x2
+ β3γ{1520α3 + 6080α3s2 + 2α(4051 + 7477β + 3310β2)s4
+ 4α(1011 + 1397β + 270β2)s6 + (626 + 997β + 250β2)s8}
]
,
(B.10)
where α = 1 + r2+/L
2
, β = r2+/L
2
and γ = 1/(2α + 4s2α + s4). We an see f(r) ≥ 0
expliitly. It means the stability of J = M = K = 0 mode.
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Figure 5: Typial proles for the potential V0 are depited. We put r+ = 1.0L. From top
to bottom, eah urve represents the potential for ΩH/Ω
max
H = 0.1, 0.7, 0.9, 0.99. We see the
positivity of these potentials.
B.2 (J = 0,M = 0, K = 1) with ℓ = 0 mode
In (J = 0,M = 0, K = 1) mode, there are ht+, hr+, h+3 elds. We set hµν as
hµνdx
µdxν = e−iωt
[
2ht+(r)dt σ
+ + 2hr+(r)dr σ
+ + 2h+3(r)σ
+σ3
]
, (B.11)
With the gauge parameter ξi(x
µ) = e−iωtξ+(r)σ
+
i , the gauge transformations for these
omponents are given by
δht+ = −iωξ+ +
4iµa
r4
ξ+ , δhr+ = ξ
′
+ −
2
r
ξ+ , δh+3 =
2iµa2
r4
ξ+ . (B.12)
Our gauge hoie is
h+3 = 0 . (B.13)
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This ondition xes the gauge ompletely. After the gauge xing, two elds ht+ and hr+
are remained. However, beause one onstraint exists in this mode, the physial degree of
freedom beomes one. Therefore, we an get one master equation. Substituting Eq. (B.11)
and Eq. (B.13) into Eq. (3.2), we an get the master equation for this mode,
−
d2Φ1
dr2∗
+ V1(r)Φ1 = [ω − 2Ω1(r)]
2Φ1 , (B.14)
where we have dened a new variable,
7
Φ1 =
r5/2(r4 + 2µa2)5/4
(r10 + 2µa2r6 + µ2a6)1/2
[(
−iω +
4iµa
r4 + 2µa2
)
hr+
r2
−
(
ht+
r2
)′]
(B.15)
and funtions Ω1 and V1 are given by
Ω1(r) =
2µa
r4 + 2µa2
(
1−
a2r4(5r4 + 6µa2)G
4(r10 + 2µa2r6 + µ2a6)
)
, (B.16)
and
V1(r) =
G(r)
4r2(2µa2 + r4)3(r10 + 2µa2r6 + µ2a6)2
× [15r34/L2 + 35r32 + 18µ(1 + 7a2/L2)r30 + 310µa2r28
+ 8a2µ2(20 + 57a2/L2)r26 + 2µ2a4(596− 75a2/L2)r24
+ 2µ2a4(152µ+ 456µa2/L2 − 75a2)r22 + 4µ3a6(767− 240a2/L2)r20
− 16µ3a6(8µ− 63µa2/L2 + 60a2)r18 + 24µ4a8(217− 94a2/L2)r16
− µ4a8(−480µa2/L2 − 35a4/L2 + 480µ+ 2128a2)r14
+ 3µ4a10(1424µ− 768µa2/L2 + 5a2)r12 − 2µ5a12(827− 77a2/L2)r10
+ 2µ5a12(432µ− 432µa2/L2 + 25a2)r8 − 12µ6a14(14− 15a2/L2)r6
+ 68µ6a16r4 − 24µ7a16(1− a2/L2)r2 + 56µ7a18] .
(B.17)
We have used the tortoise oordinate dened in Eq. (3.17).
We an get the asymptoti form of Ω1(r) and V1(r) as
Ω1(r)→ 0 (r →∞) , Ω1(r)→ ΩH (r → r+) , (B.18)
and
V1(r)→ 0 (r → r+) , V1(r)→
15r2
4L4
(r →∞) , (B.19)
Therefore, asymptoti form of solution of master equation (B.14) beomes
Φ1 → e
±i{ω−2ΩH}r∗ (r → r+) , Φ1 → r
−1/2±2 (r →∞) . (B.20)
7
This hoie of master variable is important. If we use other master variable, the ω3, ω4, · · · terms may
appear in the resultant master equation. The good master variable (B.15) an be found by moving into
the Hamiltonian formalism as explained in [21℄.
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Figure 6: The onset line of the superradiant instability for (J = 0,M = 0, K = 1) mode is
depited. The solid line is onset of the instability. In the region of upper right, there is no
blak hole solutions.
We an study the onset of superradiant instability of this mode by the same way as
setion 3.3. The result is depited in Figure.6. We see that onset of the instability is
ΩHL ≃ 3. On the other hand, in setion 3.3, it was shown that the onset is ΩHL = 1 for
(J,M,K = J+2) modes. Thus, the (J = 0,M = 0, K = 1) mode is irrelevant for the onset
of the instability.
B.3 (J,M,K = J + 2) with ℓ > 0 modes
To see the eet of Kaluza-Klein modes for superradiant instability, we study the stability
of (J,M,K = J + 2) with ℓ > 0 modes. The metri perturbation for these mode is given
by
hMN(x
M)dxMdxN = h++(r)e
−iωtDJ(x
i)Yℓ(Ω5)σ
+σ+ , (B.21)
where DJ(x
i) ≡ DJK=J,M(x
i) and Yℓ(Ω5) is spherial harmonis on S
5
dened by (4.2). We
dene a new variable as
Φ =
(r4 + 2µa2)1/4
r3/2
h++ . (B.22)
Then, using (4.3), we an obtain equation for these modes as
−
d2Φ
dr2∗
+ V (r)Φ = [ω − 2(J + 2)Ω(r)]2Φ , (B.23)
where funtions Ω(r) and V (r) are determined by
Ω(r) =
2µa
r4 + 2µa2
, (B.24)
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Figure 7: The onset line of the superradiant instability for (J = 0,M = 0, K = 2) and
ℓ = 0, 1, 2 modes are depited. The solid line is the onset of instability of eah modes. In
the region of upper right, there is no blak hole solution.
and
V (r) =
G(r)
4r2(r4 + 2µa2)3
[
(15 + 8ε)r14/L2 + (4J + 5)(4J + 7)r12
+ 2µ(9 + 33a2/L2 + 16εa2/L2)r10 + 2(16J2 + 32J + 5)µa2r8
+ (−40 + 32εa2/L2 + 68a2/L2)µ2a2r6 − 4µ2a4(16J + 35)r4
+ 8(1− a2/L2)µ3a4r2 − 40µ3a6
]
.
(B.25)
The equations (B.23) return to (3.15) for ℓ = 0. By the similar way as setion 3.3.2,
we an see that, for small blak holes, the onset of superradiant instability is given by
ΩHL = (J + 3 + ℓ/2)/(J + 2). For any value of r+, we solve (B.23) numerially by the
same way as setion 3.3.3 and obtain Figure.7. We plot the onset of instability for (J =
0,M = 0, K = 2) and ℓ = 0, 1, 2 modes. From this result, we an see that the superradiant
instability of Kaluza-Klein modes appear at higher ΩH than zero mode. Thus, this result
suggest that Kaluza-Klein modes are not relevant to see the onset of superradiant instability.
C Transverse Traeless Condition for Kaluza-Klein Graviton
In this appendix, we prove that we an impose the transverse traeless ondition (4.5) in
the equation (4.3).
From the Bianhi identity, we an get
0 = δ(gρσ∇ρGσµ)
= −hρσ∇ρGσµ + g
ρσ(−δΓλρσGλµ − δΓ
λ
ρµGλσ) + g
ρσ∇ρδGσµ .
(C.1)
where δΓρµν is perturbation of the Christoel symbol dened by
δΓρµν =
1
2
gρσ(∇µhνσ +∇νhσµ −∇σhµν) . (C.2)
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The bak ground equation is given by Gµν = 6L
−2gµν and, thus, we an get ∇ρGσµ = 0.
Therefore, the rst term in the seond line of (C.1) vanishes and we an get
gρσ∇ρδGσµ = 6L
−2(gρσgλµδΓ
λ
ρσ + δΓ
ρ
ρµ) = 6L
−2∇ρhρµ , (C.3)
where we have used the expression (C.2) at the last equality. Hene, from the divergene
of the perturbation equation (4.3),
∇ρ(hρµ −
1
2
gρµh) = −ε
−1L2∇ρ(δGρµ − 6L
−2hµν) = 0 . (C.4)
It is the onstraint equation of (4.3).
Now, we onsider the trae of (4.3). The trae of perturbation of the Einstein tensor is
given by
gρσδGρσ = −
3
2
∇ρ∇σ(hρσ − gρσh) +
5
2
hρσ(R
ρσ −
1
5
gρσR) . (C.5)
Beause of Rµν = −4L−2gµν and R = −20L−2, Rii tensor and Rii salar terms in (C.5)
are anelled eah other. Thus, making use of the onstraint equation (C.4), the equation
(C.5) beomes
gρσδGρσ =
3
4
∇2h . (C.6)
Thus, from the trae of (4.3), we an get the equation for trae part of hµν as
∇2h = 2(ε+ 2)L2h . (C.7)
Therefore, trae part of hµν is deoupled from other omponents of hµν and we an put
h = 0 onsistently. Then, onstraint equation beomes ∇ρhρµ = 0.
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